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Evaluation of the BCn elliptic Selberg integral 
via the fundamental invariants 

Masahiko Ito* and Masatoshi NouMd 


Abstract 

We give an alternative proof of the evaluation formula for the elliptic Selberg integral of type 
BCn as an application of the fundamental BCn-invariants. 


1 Introduction 


The evaluation formula of the BCn elliptic Selberg integral was proposed for the first time by van 
Diejen and Spiridonov m- Namely, under the balancing condition ai • • • ^ = pq, 
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where oi,..., ag, t are complex parameters with \am\ < 1 (m = 1,..., 6), |t| < 1, and T” stands 
for the n-dimensional torus. (Here T{z\p,q) denotes the Ruijsenaars elliptic gamma function, and 
the double-signs indicate a product of all possible factors.) In the paper they outlined a way 
of proof for following Anderson’s method [2], which is known as a typical derivation for the 
evaluation formula of the Selberg integral m via the other multi-dimensional integral [1] called 
Dixon-Anderson integral in [5l [8] . The proof outlined in m was eventually completed by Rains 
|14j . proving the elliptic counterpart of the evaluation of the Dixon-Anderson integral 
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whose alternative proof was given by Spiridonov m- 

Besides Anderson’s method, several derivations are known for the evaluation formula of the 
Selberg integral. Aomoto [T] gave an alternative proof by characterizing the integral as a solution 
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of a difference equation with some specific boundary condition (see also [9] for the g-integral case). 
The aim of this paper is to give an alternative proof for the BCn elliptic Selberg integral m, 
following Aomoto’s method as is outlined below. Denoting by /(oi,... , 00 ) the left-hand side of 
m, we first prove that, under the balancing condition ai • • • ^ = pq, this integral satishes 

the system of g-difference equations 
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for A: = 1,..., 5. Setting 
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we use the notation 

{p{z)) = j ip{z)^{z)— - — 

Zl' ■ ■ Zn 

for any meromorphic function p{z) on (C*)”. Then the difference equation ()1.2p of the case k = 1 
is equivalent to the equality 


{En{ai,a(i]z)) 


n 

{EQ{ai,a(i]z)) 

i=\ 


( ^;p) A e{ama%t'^ ^;p) \ 

yap{aiaQ^p-^-,p) 9{amaiP-^;p) j 


under the balancing condition oi • • • “^ = 1, where 
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The idea of Aomoto’s method is to introduce appropriate intermediate functions which interpolate 
equation ()1.3I) . We now define a set of holomorphic symmetric functions by 
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for r = 0,1,... , re, where the summation is taken over all pairs of sequences 1 < ii < ■ ■ ■ < E < n 
and 1 < ji < • • • < jn-r < n such that {ii,..., v} U {ji ,..., jn-r} = {1)2,..., re}. Under the 
condition oi • • • = 1, one can show that the following recurrence relations hold: 


{Er{ai,aG;z)) = Cr{Er-i{ai,ae; z)) (r = 1,... ,re). 


(1.5) 


where the coefficients Cr are given by 
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Using (11.511 repeatedly, we immediately obtain (|1.3I1 . We call these Er{a,b]z) the fundamental 
invariants of type BCn, which thus play an essential role in this paper. The fundamental invariants 
(jl.4p are given as a special case of the Lagrange interpolation functions of type BCn in the context 
of the connection problem among the independent cycles for the BCn Jackson integral, see [m 
Example 2 of Theorem 1.4]. See also [TOl for details of the fundamental invariants (11.41) . We 
remark that our fundamental invariants Ey{a, b; z) are essentially the interpolation theta functions of 
Coskun-Gustafson [3] and Rains m attached to single columns of partitions. In fact, Er{a, b; z) are 
compared explicitly with the functions of [3] and m, respectively, as explained in [ini Introduction]. 
Also, the key equation (11.511 is essentially the same as m Theorem 4.1] which we proved in the 
context ol a BCn elliptic summation formula. It should be mentioned that van Diejen-Spiridonov 
m already pointed out that the integral (jl.ljl implies the BCn elliptic summation formula via 
residue calculus. 

Note that the integral (II.ip with p = 0 is known as Gustafson’s contour g-integral [6], which is 
the Nassrallah-Rahman integral in the case n = 1 [12]. Aomoto’s method using the fundamental 
invariants (II.4h with p = 0 leads us to the recurrence relations for the Gustafson’s contour g-integral. 
This fact was previously discussed in [T] Gorollary 5.2 and Eq. (5.3)]. 

In order to establish the evaluation formula we need to investigate further the boundary 

condition for the difference equations (II.2p : the precise arguments will be given later in Section [S] 

This paper is organized as follows. After defining basic terminology in Section O we first 
discuss the system of g-difference equations (|1.2p in Section [3l In Section 2] we study the analytic 
continuation of the integral o as a meromorphic function of the parameters ai,...,a 5 in a 
specific domain. We use this argument to show that the integral (jl.lll is expressed as a product of 
elliptic gamma functions up to a constant. Section[5]is devoted to obtaining the boundary condition 
for (II.2p through asymptotic analysis of the contour integral (jl.ip as 02 —>■ (i.e. 0102 —)• 1). 

This condition determines the explicit value of the constant, which was indefinite at the time of 
Section HI In the case of elliptic hypergeometric integrals, we often meet some strict restraints on 
parameters, which do not permit us to consider the asymptotic behavior like Oj —)• 0 or 00 as we 
usually do in the rational or trigonometric (g-analog) cases. Thus our treatment of the boundary 
condition might look totally different from that of the g-analog case. It should be noted, however, 
that our method to analyze such a situation as 0102 —?• I is also applicable to the case p = 0 of the 
integral dnD, thus providing a novel insight even for the evaluation of contour g-integrals. 

2 BCn elliptic Selberg integral 

Throughout this paper we denote by T{u;p,q) (u E C*) the Ruijsenaars elliptic gamma function 
defined by 
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Note that r(u;p,q) satisfies 
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( 2 . 1 ) 
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We consider the meromorphic function 
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in z = (zi,..., Zn) G (C*)” with complex parameters Oi,..., Og, t G C*, assuming throughout that 
|t| < 1. We also use the notation ... ,aQ; z) for when we need to make the dependence 

on the parameters oi,... ,06 explicit. For this function '^{z), we investigate the multiple integral 
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we see that 'k (z) has poles possibly along the divisors 


z^^ = amP^q'" (1 < i < n; m = 1 ,..., 6 ; = 0 , 1 , 2 ,...) 

zf^z^^ = tp^q'" {I <j <k <n; p,iy = 0,1,2 ,...). 

Also, regarded as a function of z* (i = 1,..., n), 'k(z) has poles possibly at 

p'^q^'am, p-'^q-’'a-\ p^^q’^tzf, p-^^q-'^r^ zf, 

where 1 < m < 6 , 1 < j < n, j 7 ^ i and = 0,1,2,.... If the parameters satisfy the condition 
I Oil < 1,..., loel < 1, then tl'( 2 ;) is holomorphic in a neighborhood of the n-dimensional torus 

T" = { z = (zi,...,z„) G (er I |zi| = l (i = l,...,n) }, 

and hence the integral 

/(Oi, . . . , 06 ) = / ^'(Oi, . . . , 06 ; 2 :)cu( 2 :) 

OT" 


defines a holomorphic function on the domain 

U = { (oi,..., 06 ) G (e)6 I |o™|<l (m = l,...,6) }c(e)6. 


( 2 . 2 ) 


This function can be continued to a holomorphic function on a larger domain by replacing T” 
with an appropriate n-cycle depending on the parameters (oi,..., oe). We give below a remark on 
analytic continuation of this sort. 
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For each (ai,..., ag) G (C*)®, we define two subsets Sq, Scxi of C* by 

5'o = { P^q’'am I l<m<6; i^gN}, 

‘S'oo = { P~^q~''am I l<m<6; ^,z/GN}, 

where N = {0,1,2,...}, and suppose that Sq H S'oo = 4>- Assuming that \t\ < for some r G (0,1), 
we choose a circle 

C'p(O) = { u G C* I |u| = p }, p G [r,r~^], 
which does not intersect with Sq U Soo- Then we define a cycle C in C* by 

^ = ^,(0)+ C,(c)- C,(c), 

cgSo;|c|>p cgSoo;|c|<p 

where Ce{c) denotes a sufficiently small circle around c. Note that, if |om| < 1 (m = 1,..., 6), then 
C is homologous to the unit circle. We now assume that \am\ < (w- = 1,... ,6). Then such 

a cycle C can be taken inside the annulus A,. = {u G C* | r < |u| < r“^}. Since |t| < r^, the 
meromorphic function '£'( 2 ;) is holomorphic in an neighborhood of the n-cycle C'” = C x ■ ■ ■ x C. 
Hence, the integral 

I = [ '^(z)zu(z) 

Jc" 

is well defined, and does not depend on the choice of p G [r, r~^\. This implies the following lemma 
on analytic continuation. 


Lemma 2.1 Suppose that |t| < for some real number r G (0,1]. Then the holomorphic function 
/(ai,... , 00 ) on the domain U of (12.2|) can be continued to a holomorphic function on 


|(ai,... , 06 ) G (C 


*'16 
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akai ^ p-^q-^ (1 < A:, / < 6) /' 


(2.3) 
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As can be seen in dni), under the balancing condition oi • • • ogt^” ^ = pq, this function 
/(oi,... , 05 ) is eventually continued to a meromorphic function on a hypersurface in (C*)® with 
poles along the divisors 

pUq’^f-^Of.ai = 1 (A, / G {1,..., 6}; i = 1,..., n; p, z/ = 0,1, 2,...). 


3 g-Difference equations with respect to the parameters 


In this section we derive a system of g-difference equations for the integral /(oi,..., og) on the basis 
of the arguments in |10] . Our goal is to establish the following proposition. 

Proposition 3.1 Suppose that \p\ < Under the balancing condition ai • • • = pq, 

the integral /(oi,... , 05 ) satisfies the system of q-difference equations 


/(ui,..., U5, Ug) /(ui,..., qak, • • •, U5, q ug) n n 


2 = 1 l<m<5 
m^k 
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for k = 1,... ,5, provided that |ai| < 1,..., jasl < 1 and |ag| < |g|. 
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Note that the condition \aQ\ < l^l is equivalent to |ai---a 5 | > under the balancing 

condition. We need to assume that p is sufficiently small as specified above to guarantee that (13. ip 
holds in a nonempty region. 

In order to make use of the arguments of [ID] , we modify 'I'(z) as 


^'(z) = .. .,a5,pa6;z) 


=n 

i=l 

n 

=n 


r{paQzf^;p, q) 0^=1 q) -rr q) 

n 4 ^-,P,Q) r{zfzf-,p,q) 

nLir(Qm^f^P,g) T-r ritzfz^^-,p,q) 

T{qaQ^zf^-,p,q)r{zf^-,p,q) T{zf^z^^;p,q) ' 


This function 'I'(z) coincides with the meromorphic function $( 2 ;) in |10] up to multiplication by a 
g'-periodic function in all variables 21 ,..., Zn- Namely one has 

Tg,^i^{z) ^ iq~^z-^)^e{q-^z:r‘^;p) e{amZi;p) 

^{z) zfe{zl,p) }^}^e{q-^amz^^]p) 
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k^i 

for i = 1,... ,n, where stands for the g-shift operator in Zi'. 

Tq^Zif{zi,---,Zn) = / (21 ,■■■■, qZi, . . . , Zn) ■ 

As to the parameters ai,..., ag, one has 

A|Ai£l ^ TT^(a^2±l;p) (l<m<5), 

“ (3.2) 

5!|^=a-”n9(a,.y;p). 

^{Z^J i=l 

In this paper we use the notation of expectation values to refer to the integral 


{(p(z)} = / ip(z)'i’(z)zu(z) 

for any meromorphic function (p{z) on (C*)” such that <y9(2;)'I'(2;) is holomorphic in a neighborhood 
of the n-dimensional torus T*^. If we set 


'^q,zMz) 
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as in m, one has 


{Vq^zMz))=0 (z = l,...,n) 
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for any meromorphic function (p{z) such that ip{z)'^{z) is holomorphic in a neighborhood of the 
compact set 

\q\<\zi\<l, \zj\ = l (3-3) 

In fact, by the Cauchy theorem one has 


/ ■^{z)ip{z)w{z) 


= / Tq^zi{^{z)if{z))w{z) (i = l,...,n). 


We set 


K{o,\ 1 ■ ■ ■ 1 0-5 1 CLq) /(oi, . . . , O 5 ,(1) 

assuming that |om| < 1 (m = 1,..., 5), \paQ\ < 1. Then from ()3.2I) we have 


ii:(^ai,a2,...,a6) = (JJ ^;p)) = (£;o(ai, 05; z)) 6»(ai(a6t* 

i=l i=l 

n n 

K{ai ,..., 05 , goe) = e{aGzf^-,p)) = (^^( 01 , 06 ; z)) Og ^ 6 l(o 6 (aif 


(3.4) 


2 = 1 


2=1 


where Er{ai,a^; z) = El^\ai,aQ; z) (r = 0,1,..., n) denote the fundamental BCn-invariants (|1.4I1 : 
for the basic properties of these functions, we refer the reader to |10l Section 3]. On the other hand, 
as for the function 

Pr,i{^) = E~{z)El!^~^^\ai,a6;zi, .. .,Zi-i,Zi+i, ...,Zn) {I < i < n;l < r < n) 
of [TOl Section 4], where 


F-{^) = 


n 




one can verify that (pr,i{z)'^{z) is holomorphic in a neighborhood of (13.3p . In fact, in the product 
F~{z)'^{z), all possible poles of each of the two functions E~{z), '^(z) 

= I, p^Zizf^, P^amZ~^, pf^tz-^zf^ = 1 
(I < j < n; j / i; m = 1,..., 6; /r = 0,1, 2,...) 

relevant to this region are eliminated by zeros of the other. Hence we have 


(Sq,ziPr,i{z)) — 0 (i — 1,..., n). 

In the same way as we discussed in m Theorem 4.1], this formula implies the recurrence relation 
(HSI), and hence 
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under the balancing condition oi • • • ^ = 1. Combining this with (13.4p we obtain 

/f as, W) = A'(,a., <.2,.... a.)^ jy j [ 


n 5 


= K{qai,a2,...,aG){ai---aet^"' JJ 


n 5 


K{qai,a 2 , • • • jOe) nn 


i=l m=2 
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In terms of the function /(ai,..., og), we conclude that 
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n 5 


/(ai,.. .,a 5 ,pqae) = I{qai,a 2 , ■ ■. ,05,^00) nn 
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(3.5) 


under the conditions oi • • • ^ = 1, |om| < 1 (m = 1,..., 5) and |pae| < 1. Hence, replacing 

pag by ag in (j3.5p and changing the balancing condition accordingly, we have 


Lemma 3.2 Under the conditions ai ■ ■ ■ ^ = P and \am\ <1 (m = 1,..., 6), one has 


/(ai,..., 05 , gog) — /(ai,..., qak, • • •, og) n n 


2=1 l<m<5 
m^k 


9{amae,i' ]p) 
9{amakU-^]p) 


(3.6) 


□ 


for fc = 1,..., 5. 

Further, replacing ag by q~^aQ we obtain Proposition 13.11 

We now suppose that ai • • • = pq, and regard ag = pqfai ■ ■ ■ as a function of 

(ai,..., ag). Then the integral /(ai,..., ag), regarded as a function of (ai,..., ag), is defined on 
the open subset 

Uq = { (ai,..., ag) G (C*)^ I |ai| < 1,..., |ag| < 1, |ai • • • ag| > , } 


of (C*)^; we need to assume |p||g| < ^ in order to ensure that Uq is not empty. We denote by 

Vb = { (ai,..., ag) G (C*)® | |ai| < 1,..., |agl < 1, [ai • • • ag| > } 

the nonempty open subset of Uq where /(ai,... ,ag) satisfies the (^-difference equations (|3.ip . as¬ 
suming that IpI < 


4 Analytic continuation 

The integral I{ai, ..., ag), regarded as a holomorphic function in (ai,..., ag) G Uq, can be continued 
to a meromorphic function on (C*)^. We prove this fact by means the g-difference equations (|3.ip . 









In view of Proposition 13.11 we consider the meromorphic function 


J(ai,...,a6) = T{ajakf ^■,p,q). (4.1) 

i=l l<j<k<6 

Then it turns out that J(ai,..., ag) satishes the same (^-difference equations as (j3.1l) . In fact, from 
(j2.1[) one has 


J (ui,..., ciq') 


n 

J(oi,.. .,qak ,.. .,q~^ae) n n 

i=\ l<m<5 

m^k 


e{q ^ama&]p) 

OicLmOiki P) 


for /c = 1,... , 5. In the following we regard J(ai,..., a%) as a meromorphic function in (oi,..., 05 ) 
through = pqja\ - ■ ■ as before. 

Noting that the integral /(ai,..., ag) is a holomorphic function on Uq, we consider the mero¬ 
morphic function 


/(oi,..., ag) 


/(oi,..., gg) _ _ J(ai,..., gg) _ 

J(gi,..., gg) nr=i ni<j<fc<g T{ajakP-'^-,p, q) 


/(gi,..., gg) n n 


(gj-gfcp g)oo 

{pq/ajakt^-^]p, q) 00 


on Uq. This ratio /(gi,..., gg) has poles possibly along the divisors 

f~^ajak = (i = 1,..., n; 1 < j < A: < 6; = 0,1,2,...) 


in Uq. Also, /(gi,..., gg) is g-periodic with respect to (gi,..., gg) GVq in the sense that 

/(gi,...,gg) = f (^cbi,..., quk, ■ ■ ■, q gg) 


for A: = 1,..., 5. 

Lemma 4.1 Suppose that \p\ < |(7|^ Then there exists an open subset Wq C (C*)® of the 
form 

Wq = { (gi,..., gg) G (C*)^ | sr < \am\ < r (1 < m < 5) } (0 < r < 1; 0 < s < |g|) (4.2) 

such that Wq C Vq /(^i) ■ ■ ■ We) holomorphic on VFo- 

Proof. Under the assumption \p\ < \q\^\t\‘^^~'^ , one can choose positive numbers r,s such that 

0 < r < \q\i, < s < |q|, \p\ < 

Suppose that (gi,...,gg) G lUo- Then |gi---gg| > s^r^ > and hence |gg| < |g|. This 

means that Wq C Vq. Note also |gg| = \pq/ai ■ ■ -ggt^”"^! > \p\\q\/r^\t\‘^^~‘^ , and hence 

\p\\q\/r^\t\‘^^-^<\aQ\<\q\. 
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To show that /(oi,..., og) is holomorphic in Wq we verify 


|r ^ajak\ > \p\\q\ (1 < j < k < 6). 


In fact we have for j = 1,... ,5, 

> \tr~^sr\p\\q\/r^\t\‘^'^-‘^ = \p\\q\s/> \p\\q\, 

and for 1 < j < A: < 5, 

> \p\ > IpUg’l- □ 

Remark 4.2 If \p\ < one can simply take r = |g |2 and s = for f{ai,... ,aQ) to 

be holomorphic on Wq C Vq. 

Theorem 4.3 Suppose that \p\ < \q\~\t\‘^^~‘^. Under the condition ai ■ ■ ■ aQt‘^^~‘^ = pq, the in¬ 
tegral /(ai,..., ag), regarded as a holomorphic function in {ai,... , 05 ) G Uq, is continued to a 
meromorphic function on (C*)^. Furthermore, it is expressed as 

n 

I(ai,... jOg) = Cn T{ajakt’‘~^;p,q) 

i=ll<j<k <6 

for some constant c„ G C independent of ai,... ,aQ. 

Proof. By Lemma l4Tl there exists an open subset Wq C (C*)® of the form ()4.2p where /(ai,..., ag) 
is holomorphic and satisfies the g-difference equations 

/(ai,...,og) = /(ai,...,gafc,...,g“^a 6 ) (A = 1,..., 5). (4.3) 

for (ai,... , 05 ) G Wq. Note that Wq is the product of 5 copies of an annulus in which the ratio 
of the two radii is given by s < |g|. Hence, by the q-difference equations (14.31) . the holomorphic 
function /(ai,..., ag) on Wq is continued to a holomorphic function on the whole (C*)^. It must 
be a constant, however, since the continued function /(ai,..., ag) is g-periodic with respect to the 
variables ai,..., ag. If we denote this constant by Cn, we have /(ai,..., ag) = J(ai,..., ag) as a 
meromorphic function on (C*)®. □ 

We compute the constant Cn in the next section by induction on the dimension n. Once this 
constant has been determined, we see that the statement above is valid for \p\ < 1 without any 
particular restriction. 

5 Computation of the constant 

In order to make the dimension explicit, we use below the notation 'I'„(z), In{ai ,..., ag), Jn(oi,..., ag) 
for 4'(z), /(ai,..., ag), J(ai,..., ag) of the previous sections. As before, we assume that the pa¬ 
rameters satisfy the balancing condition ai • • • agt^””^ = pq, and regard ag = gp/ai • • • 
as a function of (ai,..., ag). By Theorem 14.31 we already know that two meromorphic functions 
In{ai ,..., ag), Jn(ai, • • •, ag) are related by the formula 

dnipii ■ ■ ■ 1 ag) — CnJn{a\, ..., ag) (b’l) 
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provided that \p\ is sufficiently small. To determine the constant Cn, we investigate the behavior of 
the these two functions along the divisor 0102 = 1. 

We first consider the limit of Jn{cLi ,..., ag) as 02 ^ Noting that 


hm_ (1 - aia 2 )r(aia 2 ;p, g) 
a 2 —J-a]" 


1 

{p;p) 

00 {q-,q) 00 


from (14.11) we have 


lim_^(l - 0102 ) Jn(ai,..., ug) 

Q -2 — 


{p]p) 00 ( 9 ;?) 00 


PJ r(af^afcf ^■,p,q) T{ajakf ^■,p,q) 


^ m=3 


3<j<fc<6 


where og in the right-hand side should be understood as og = pq/a 2 ,a/ia^t^'^~‘^. Since = 

pq in the limit, for any permutation {i,j,k,l) of (3,4,5,6) we have = pq, and 

hence 

r{aiajt"'~^;p,q)r{akait"'~^-,p,q) = 1 . 

This implies 

Lemma 5.1 In the limit os 02 —>■ a)~^, we have 


lim_^(l - aia 2 )Jn(ai, ■ ■ ■ jOe) 


wzlnt^p.q) 

{p-,p) 00 iQ',Q) 00 


n 6 


n—1 


n n r(af^afcf ^;p,q) 


2=1 m=3 


2=1 


T{ajakf ^]P,q). 

3<i<fc<6 


□ 


We next investigate the behavior of ■ ■ ■, ^e) as 02 —>■ o)"^, assuming that \p\ is sufficiently 

small so that equality ()5.ip holds. Here we suppose that \p\ < for convenience. As we 

remarked in Lemma l2.11 in the region ()2.3p the integral /n(ai) ■ ■ ■ j^e) is expressed as the integral 


/„(ai, . . . ,Og) = / '^niz)'U7niz) 

Jc^ 


(5.2) 


over a certain n-cycle C*”, provided that \t\ < r^. Setting r = \q\^, we assume further 

1 < |ai| < |om| < 1 (m = 2, ...,6). 


In this case we can choose the cycle C as 

C = Co + Ci, Ci = C+-Cf; Co = Ci(0), C+= ^(ai), Cf = ^( 0 ^^). 

Then we analyze the effect of pinching about the cycles as 02 —>■ a)“^. 

We consider the integral 


27rV^. 


'c 


^nizi,Z2,. . . ,Zn) 


dzi 

Zi 
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with respect to zi. Since 


'^'n(^l,Z2, ■ ■ ■ ,Zn) = ^n -1 (^ 2 , • • • , ^n) 


\[ra=l^{araZt ;P,q) A ^{tz^ Zf^ ]p,q) 

r(A^;p,g) ’ 

the poles zi = ai,a||~^ of the integrand arise only in the factor 

{pqa{^zi ; p, q)oo{pq<h^ z];^; p, q)oo 


r{aizf^;p,q) = 


Note that 


and 


(ai2:i;p,g)oo(ai^;i ^;p,q) 

T 3 f-rf ±1 \dzi \ {pqai‘^;p,q) 

Res r(ai 2 :i ;p,g)-; zi = ai =-^-—-— 

V z^ J iai:v.a)r^Av:v]r^ 


_^ r(ai;p,g) 

{aj;p, q)oo{p;p) OO {q;q) OO (p;p) 

OO iq]q)c 


Res(r{aizf^]p,q)^;zi = 


r(af;p, q) 


(p;p) 

OO 


Hence we have 
1 


_ f "^n{zi, ■ ■ ■ , Zn) -^ 

2ti^ Jcf ^ Ai 


r(af;p,g) 0^=2 A T{taf^z^^]p,q) 


= ±- 


{P',p)oo{q]q)oo T{af‘^;p,q) T{af^z^^;p,q) 


n 


"^n— 1 (^ 2 ? • • • ? ^n) 


Y\m=2'^{amaf^;p,q) A ^{taf^z^^-,p,q) 


±i^±i. 


= ± 


= ± 


n 


{p-,p)oo{q;q)oo T{a^‘^;p,q) 

1 Y[m= 2 ^i^'m 0 -i ',P,q) 


■^n— 1 (^ 2 ? • • • ? ^n) 


{p]p) 

00 ( 9 ; 9 ) 00 ^{aP-,P,q) 




where 


• • • ; 

n 

=n 


'^{tapzp-,p,q) 


k =2 

r {tapzp -p.q) nl=2 r {araZp ;p,q) 


^n— i(’ 2 ^ 2 ? • • • ; ■ 2 'n) 


2 = 2 


r(ai^zf A, q)'^{zp;p,q) 


± 2 . 

2 




2<j<k<n 


^{Zj Z^ ]p,q) 


This implies 


27rAT 


z' 27r^ Icl 


dzi 


'^n{z) 

2 0^=2 r(am q) 

{p',p) OO (9; 9) OO r(aA;p, 9 ) 




2;i 27rV-l Aj- 2:1 


■'I’n— i( 2 ^ 2 ) • • • ) Zn)^ 


and hence 
1 


2 ^T^/^. 


'c 


T ^ \dzi 1 

^n{z) -= 


(5.3) 


zi 27^^/^ 


f ^ (,)^+ ml= 2 namap-,P,q) ^ _/^ 2 ...z). 

Ico "" 21 ip;p)oc,{q]q)oo^{aP;p,q) 
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We remark that the first term is regular at 0102 = 1 and has a finite limit as 02 —>■ while the 

second term diverges in the order (1 — 0102 )”^ because of the factor T{a 2 ai;p,q). Since 


2 T{a2af^-p,q)Y\°^^2r{amaf^-p,q) _ 1 


±1. 


{pqa 2 ^a^ ^;p,q) 


ip-,p) 00 (qiq) 00 r(ai ■,p,q) 


1 -0102 ipa2ai;p)oo{qa2ai;q)oo{pqa2ai-,p,q)c 
2 T{a 2 a^^;p,q)Yll^^^T{amaf^-,p,q) 


we have 


lim (1 — 0102 ) 


iP',p) 00 ( 9 ; 9 ) 00 r(oi^;p,g) 

2r{a2af^;p,q)'[ll^^^r{amaf^;p,q) _ 2 0^=3 ^(amaf g) 


{p;p) 

00 (qiq) 00 r(ai -,p,q) 


{p-,p)loiQ-,Q)‘L 


where og = pq/iasa^a^t^'^ in the right hand side. On the other hand, 


lim_^^'„_i(z2,...,2:n) = ^n-i{tai,tai , 03,..., oe; ^2, • • •, ^^n)- 

( 12 — ^d-i 


To summarize, we obtain 

lim ^ (1 — 02 O 1 ) 

2 UL=3'^i(^rna^^]P,q) 


a 2 ^a^ ^ 


1 f T / -.dzi 


'hn—1 (tOi, tci^ , O3, . . . , Og, Z2, . . . , • 


ip-,p)'Liq',q)lo 

We decompose the multiple integral In{cLi ,..., og) of (|5.2p as 


/C" 


'^niz)zUn{z) = / 'i/niz)zUniz) + / ^n{z)Wniz) 

JaxC"-^ iCoxC"-! 


/ ^n{z)Wn{z) + / 'I>n{z)Wniz) 

JCixC^-^ JCoxCixC"-'^ 

+ 


/ 


CoxCoxC "-2 


^niz)'!ZJniz) 


(5.4) 


(5.5) 


Regarding the integral 


n « 


'I>niz)Wniz) + / ^niz)Wniz). 


“ ./C‘"^xCixC" 


/cr 


C^Q-^xCixC^-i 


'I>niz)Wniz) = 


ZUn-liz^) = 


(27rV^) 


1 /" T / \ ^-2^* I 

T n T^. 


Zn 

l<j<n J 


where = {zi,..., Zi-i,Zi+i,..., Zn), by (lOl) we have 


^ ^ ^ 2r(o2af^p,g) lfm=3'^{amaf^;p,q) q, _ . , 

{p',p)ooiq;q)oc,^{ai^]P,q) ” ^ * 
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Since ^n-i{z^) = ^n-i{zi, • • •, Zi-i, Zi+i ,..., Zn) is regular at Zj = ai, ^ (j 7 ^ i), one can replace 
the (n — l)-cycle Cq~^ x by Cq~^ as 

2r{a2af^;p,q) Y\l^^^T{amaf^-,p,q) I 


/ , '^niz)Wniz) = , . , . _2 . 

ic*-ixcixc—i {p-,p)oo{q;q)oc,^{ai ■,p,q) 

Hence (j5.5l) implies 

/ 'ifniz)Wniz) 

Jc^ 

_ 2nT{a2af^]p,q)l\l^^2T{amaf^;p,q) 


I /^n 


'i>n-liz2)tu(z^}. 


(5.6) 


{p;p) oc iq-,q) 00 


^n-liz^)rUn-liz<^) + ^niz)'^niz). 

— 1 / r^n 


cn 


Note that the second term of the right-hand side has a finite limit as 02 —>■ Multiplying (I5.6p 

by 1 — 0102 , we compute the limit 02 ^ o]~^ by ()5.4I) as 

lim_ (1 - ai 02 )/n(ai, • ■ ■ , 06 ) = lim_ (1 - 0102 ) / ^n{z)wniz) 

0,2 — ycLi^ ^ CL2 — ^ J 


2nnm=3r(amQi ;p,g) 

{p-,p)loiq‘,q)‘L 
2nnm=3r(amQfSp, q) 
{p-,p)loiq‘,q)‘L 


I ^n—l(^Ol,^Oi , O3 , • • • , 06, ^t)^)!—1 t) 

Jcr^ 

In—litCLlitCl-^ , 03 ,..., 06 ). 


This means that 


On lim (l-0i02)Jn(0i,...,a6) 


(12 — 


2nnm=3r(omaf^P, q) 


C-n—1 , 03 ,..., Og). 


{p-,p)lo{q-,q)lo 

The left-hand side is already given by Lemma l5.11 while the right-hand side is computed as 

n n 6 n—1 


‘ZtI C 72 —1 


{p-,p)‘L{q-,q)lo f-J 


n n ^{ajakf ^■,p,q) 

^=1 3<j<A;<6 


i=2 i=l k=3 

by definition (I4.1|) . Comparing these two expressions we obtain the recurrence formula 

2n T{t^;p,q) 


^ {p-,p)oo{q]q)oo ^{t-,p,q) 
for the constants Cn- Starting from cg = 1, we have 


Cn — 


2 "n! Ar(T;p,g) 


n 


{p;p)^iq;q)^ r(t;p,g) 

This completes the evaluation of the BCn elliptic Selberg integral 

.^n(oi, • • • , Og) — CnJn{(^l^ • • • , Og) 


(n = l, 2 ,...) 


(n = 0 ,l, 2 ,...). 


2 ^nl 


n 


T{f;p,q) 


{p-,p)^{q-,q)^fJl'^it‘,p,q) fJi 


n n ^(ajOfcT ^■,p,q). 


i<i<fc<6 
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